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Abstract 
An impor tant  cons idera t ion  i n  t h e  global l o c a l  f i n i  t e -e l  ement method 
(GLFEM) i s  t h e  a v a i l a b i l i t y  o f  global func t ions  f o r  t h e  g iven problem. 
The r o l  e and mathematical requi rements o f  these g l  obal func t ions  i n  a GLFEM 
analys i  s o f  1 oca1 ized  s t r e s s  s ta tes  i n  p r i  s n a t i c  s t r u c t u r e s  a re  discussed. 
A method i s  described f o r  determining these global functions. Underlying 
t h i s  method a r e  theorems due t o  Toupin and Knowles on s t r a i n  energy decay 
rates, which are  re1 ated t o  a q u a n t i t a t i v e  expression o f  Sai nt-Venantf s 
p r l n c i p l e .  It i s  mentioned t h a t  a mathematical ly complete s e t  o f  global 
func t ions  can be generated, so t h a t  any a r b i t r a r y  i n t e r f a c e  cond i t i on  
between t h e  f i n i t e  element and global subregions can be represented. 
Convergence t o  t h e  t r u e  behavior can be achieved w i t h  inc reas ing  global 
func t ions  and f i n i  te-e l  ement degrees o f  freedom. Speci f i c  a t t e n t i  on i s  
devoted t o  mathematical ly two-dimensional and three-dimensional p r i sma t i c  
s t ruc tu res .  Comments a re  o f fe red  on t h e  GLFEM ana lys is  o f  NASA f l a t  panel 
w i th  a discontinuous s t i f f e n e r .  Methods f o r  determining global func t ions  
f o r  o ther  e f fec ts  a re  a lso  ind ica ted ,  such as steady-state dynamics and 
bodies under i n i t i a l  s t ress.  
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The f i n i  t e -e l  ement method (FEM) has revo l  uti onized s t r u c t u r a l  and 
s t r e s s  analyses i n  t h e  l a s t  q u a r t e r  o f  t h i s  century. I t s  impact has been 
widespread, even extending beyond t h e  preserve o f  s t r u c t u r a l  engineers t o  
other  f i e l d s .  
model i n g  technique, t h e  ana lys is  community w i t h  i t s  c o l l e c t i v e  experience 
w i l l  a d m i t  t h a t  i t  i s  n o t  t h e  qu in tessen t ia l  technique. There a re  problems 
no t  we l l  s u i t e d  t o  FEM t h a t  r e s u l t  i n  clunsy, i n e f f e c t i v e  and c o s t l y  
mathematical models. Examples can be c i t e d  fran problems i n v o l v i n g  s t r e s s  
s i  ngul a r i  ti es and i n f  i n i  t e  domai ns. 
modi f icat ions t o  FEM have been explored. One a l t e r n a t e  approach which 
bodes considerable pranise i s  t h e  so-cal led Global-Local Finite-Element 
Method (GLFEM). 
Although E M  i s  acknowledged as an extremely powerful 
To obv i  a te t h e  d i  f f i c u l  ti es, 
GLFEM u t i l  i z e s  both conventi onal f i n i t e  e l  ements and c l  assi ca l  R i t z  
func t ions  i n  t h e  modeling process. The i r  respec t ive  r o l e s  a re  r e a d i l y  
apparent; f i n i t e  elements work we l l  i n  reg ions where complicated geanetry 
and inhomogeneous ma te r ia l  cha rac te r i za t i ons  p reva i l ,  and R i t z  f u n c t i  ons, 
he re ina f te r  r e f e r r e d  t o  as global func t ions  i n  GLFEM, enable t h e  behavior 
o ther  reg ions t o  be represented accurate ly  and e f f i c i e n t l y .  A t  t h i s  stage 
o f  development, GLFEM can be assessed t o  be i n  i t s  matur ing phase. It i s  
o f  good l ineage, has already exh ib i t ed  an enhanced c a p a b i l i t y  above E M  i n  
c e r t a i n  problems, and pranises e f fec t i veness  i n  o ther  classes o f  problems 
upon i t s  f u l l  development. 
Herein, GLFEM as appl i e d  t o  t h e  ana lys is  o f  l o c a l  i zed  s t resses  i n  
p r i sma t i c  s t r u c t u r e s  i s  discussed. 
var ious  GLFEM modeling l a y o u t s  a r e  sunmarized. A b r i e f  review o f  some 
problems t h a t  have been successfu l ly  analyzed by GLFEM i s  given. Then, 
t h e  main theme re1 a t i n g  t o  GLFEM ana lys i s  o f  l o c a l  i zed  s t r e s s  s ta tes  i s  
addressed. Pr ismat ic  s t ruc tu res  t h a t  can be described mathematical ly 
by two s p a t i a l  va r iab les  a re  discussed first. A t ten t i on  i s  devoted t o  
t h e  g1 obal funct ionsr  t h e i  r devel opment and the1 r r o l e s  i n  t h e  present 
se t t i ng .  Then, three-dimensional s t ruc tu res  a re  considered, wf th  
reference t o  t h e  NASA example problem, where an o u t l i n e  o f  a method o f  
a t tack  i s  given. Last, comments on t h e  ana lys i s  o f  l o c a l i z e d  s t resses  
i n v o l v i n g  steady-state dynamic e f f e c t s  as we l l  as o ther  cond i t i ons  a re  
given. 
F i  rst ,  t h e  essence o f  GLFEM and 
Basi c Concepts o f  GLFEM and t h e  Various Mesh Conf i g u r a t i  ons 
Hami l  ton 's  p r i  nci ple, or a1 t e r n a t i v e l y  t h e  theorem o f  minimun 
po ten t i a l  energy when no i n e r t i a l  e f f e c t s  a re  present, may be considered 
as t h e  bas is  f o r  generating GLFEM equations. The theory and v a r i a t i o n a l  
d e r i v a t i o n  of these equations may be found i n  Ref. Cl,pp.451-4741. Also 
inc luded t h e r e i n  i s  a survey of GLFEM c o n t r i b u t i o n s  t o  t h e  l i t e r a t u r e  up 
t o  1982. 
As noted e a r l i e r ,  t h e  technique u t i l  i z e s  f in i te -e lement  model i n g  w i th  
c l a s s i c a l  R i t z  approximations simultaneously. It enjoys t h e  advantages o f  
more v e r s a t i l e  model Ing capabil I t i e s  wi th substant ia l ly  fewer degrees o f  
freedom. V a r i  ous gl  obal / loca l  model i ng  conf i gu ra t i  ons are 11 1 ustrated 1 n 
Fig. 1. Figs. l a  and I f  represent, respectively, t he  c lass ica l  Rl tz  and 
f in1 te-el  ement conf I gu ra t i  ons. The others are possi b l  e GLFEM mesh 1 ayouts. 
I n  a given problem, the  model i ng  may take the  form of any one of these con- 
f igura t ions  or a combination o f  two or more of them f o r  various subregions. 
An important key i s  t he  enforcement of k i  nemati c 1 nter-reg1 onal cont i  nul t y  
between various global and 1 oca1 subregions by means o f  constrai  n t  equa- 
t ions.  I n  problems on loca l  ized s t ress states, only the  Fig. IC conf igura- 
t i o n  w i l l  be usedr where f i n i t e  elements exclusively are used i n  one sub- 
region and global functions i n  the  other. MOrewer, the  global subregion 
may be i n f i n i t e  i n  extent. 
The governing mat r ix  equations i n  a GLFEM analysis have the  form: 
where 161 denotes t h e  f in i te-element degrees o f  freedom and {SI contains 
t h e  array of general ized coordi nates associ ated w i th  the  g1 obal func t i  ons. 
I n  Eq. (11, CKgg3 CMg 1 8  CK,I and CMgalrefer t o  t h e  global and l o c  1 
= CMgg IT represent g l  obal - local coup1 ing  f ran imposi ng k i  nemati c 
Deta i l  s on t h e  formati on 
s t i f f n e s s  and mass m a t r  9 ces o f  the  system. The matrices CKagl = CKggl ? 
a t  1 n t e r f  ace (s 1 between subregi on(s 1. 
o f  these matrices may be found i n  Ref. C11. 
It i s  mentioned t h a t  GLFEM var iants  are possible, which do not lead 
t o  the  same set  o f  governing equations as Eq. (1). These var ian ts  contain 
t h e  spi r i t  of  GLFEM and employ the  model i ng  conf i gu ra t i  ons shown i n  Fi g. 1; 
however, the  method o f  enforcing inter-regional  cont inu i ty  may d i f f e r .  An 
appl i c a t i  on concerned w i t h  e l  a s t i c  wave scatter1 ng w i l l  I 1  1 ust rate one such 
v a r i  ant. 
Another key point  I n  GLFEM i s  t h e  a v a i l a b i l i t y  o f  an appropriate set  
of global functions f o r  a given problem or a c lass of  problems. 
accuracy and ef fect iveness o f  t he  method are dependent upon t h e  q u a l i t y  
of the global functions. The cfioice of these global functions f o r  the  
analysis of l cca l i zed  stresses i n  p r i m a t i c  s t ructures and t h e i r  method 
o f  der ivat ion w i l l  be discussed i n  what fol lows. It w i l l  become.apparent 
why these global functions, together w i t t i  the f in l te-e lenent  model o f  
the subregion t h a t  contains the  loca l i zed  stresses, w i l l  lead t o  a 
super1 or model . 
The 
Sane Examples o f  Global Functions f o r  GLFEM 
Two areas i dea l l y  sui ted t o  GLFEM are f rac tu re  mechanics and I n f i n i t e  
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and/or s e m i - i n f i n i t e  domain problems. Much has been published on var ious  
aspects o f  f r a c t u r e  mechanics problems. Many nunerical methods have been 
used, many f a l l i n g  w i t h i n  a G L E M  c l a s s i f i c a t i o n  or i t s  var ian ts .  The 
global subregion model usua l ly  takes t h e  form o f  special crack t i p  
elements, where t h e  s ingu la r  s t ress  f i e l d  i s  incorporated i n t o  t h e  
s t i f f n e s s  mat r ix .  These e l m e n t s  a r e  we l l  known. No f u r t h e r  e labo ra t i on  
on t h i s  subject  w i l l  be g iven here. 
problems, wherein t h e  f a r  f i e l d  behavior i s  represented by global func t ions  
( f o r  example, Boussinesq or Cer ru t i  so lu t ions) ,  have a lso  met w i t h  
considerable success. A nunber o f  references on both o f  these sub jec ts  
may be found i n  Ref. C11. 
E l a s t o s t a t i c  analyses o f  half-space 
Herei n, two recent  GLFEM appl i c a t i o n s  a r e  mentioned t o  emphasize t h e  
r o l e s  o f  t h e  global func t ions  and t h e i r  ma thmat i ca l  s u i t a b i l  i t y .  They are  
concerned w i th  (1) steady-state e l  a s t i c  wave s c a t t e r i n g  by axisymmetric 
ob jec ts  embedded i n  an i n f i n i t e  i s o t r o p i c  medium and (2) steady-state 
s o i l - s t r u c t u r e  i n t e r a c t i o n  i n v o l v i n g  an axisymmetric s t r u c t u r e  occupying 
some l o c a l e  i n  a s e m i - i n f i n i t e  mediun. The f e a t u r e  o f  note i s  t h a t  these 
global func t ions  c o n s t i t u t e  a complete s e t  o f  e igenfunct ions and have t h e  
capabil  i ty o f  mathematical ly represent i  ng an a r b i t r a r y  sca t te red  f i e l  d t o  
any g iven accuracy. Hence, t h e  t r u e  behavior i n  t h e  f a r  f i e l d  can be 
ach i wed. 
I n  Fig. 2 i s  shown an el a s t i c ,  axisymmetric i n c l  us lon embedded i n  an 
e l a s t i c ,  i s o t r o p i c  mediun. 
i t  may have i nhanogeneous, o r t h o t r o p i  c p roper t ies .  The f i n i  te -e l  ement 
subregion inc ludes  t h i s  ob jec t  and a p o r t i o n  o f  t h e  surrounding mediun. 
For convenience i n  t h e  analysis, t h e  i n t e r f a c e  i s  taken t o  be spher ica l .  
Outside o f  t h e  f i n i t e -e lemen t  subregion i s  t h e  outer  f i e l d ,  where a 
complete se t  o f  outgoing spher fca l  harmonics i s  used t o  model t h e  sca t te red  
f i e 1  d. Each component s a t i s f i e s  t h e  equations o f  motion and t h e  Sanmerfel d 
r a d i  a t i  on condi t ions.  
d i  spl acement d i  s t r i  b u t i  ons a t  t h e  in te r face ,  and t h e i  r undetermined 
s t rengths  a r e  t h e  g lobal  f unc t i on  c o e f f i c i e n t s  or t h e  terms i n  {SI. A 
g iven i n c i d e n t  wave i l l u n i n a t e s  t h i s  ob ject .  
determined by s o l v i n g  t h e  f in i te -e lement  equations and r e q u i r i n g  t h a t  t h e  
sun of i nc iden t  and sca t te red  wave f i e l d s  based on t h e  global func t ions  
have both t r a c t i o n  and d i  spl acement con t i  nul t y  w i t h  the f i n i  t e -e l  ement 
data a t  t h e  in ter face.  D e t a i l s  o f  t h i s  ana lys i s  may be found i n  Ref. C21. 
Here, a t t e n t i  on i s  c a l l e d  t o  t h e  mathematical f l e x i  b i l  i t y  o f  t h e  g lobal  
funct ions f o r  accommodating i n t e r f a c e  c o n t i n u i t y  t o  any p rec i s ion  w i t h  a 
s u f f i c i e n t  nunber o f  terms. 
Because f i n i t e  elements a r e  used f o r  the ob jec t  
The g l  obal func t ions  have speci f i c  s t r e s s  and 
The sca t te red  f i e l d  i s  
The dynamic s o i l - s t r u c t u r e  i n t e r a t i  on problem under steady-state 
cond i t i ons  i s  shown i n  Fig. 3. The approach used here  i s  s i m i l a r  t o  t h a t  
f o r  e l a s t i c  wave s c a t t e r i n g  by an ob jec t  embedded i n  t h e  e n t i r e  space. 
I n  fac t ,  t h e  same set o f  spher ica l  harmonics f o r  t h e  e n t i r e  space may be 
app l ied  t o  t h i s  half-space problem. However, t r a c t i o n - f r e e  surface 
cond i t i ons  a r e  no t  s a t i s f i e d  by t h e  spherical harmonics. Thus, i n  
a d d i t i o n  t o  t r a c t i o n  and d i  spl acement con t i  nui t y  a t  t h e  hemispherical 
in te r face ,  it i s  necessary t o  enforce t h e  t r a c t i o n - f r e e  surface i n  t h e  
g l  obal subregion. I n  Refs. C3,41, d e t a i l  s concerni ng an i n t e g r a l  
cons t ra in t  cond i t i on  t o  meet t h i s  t r a c t i o n - f r e e  surface cond i t i on  a re  
given. 
func t ions  i s  used ( t h a t  i s ,  a s e t  capable o f  modeling any a r b i t r a r y  t r a c t i o n  
and d i  spl acement condi ti ons between var ious subregi ons i n a GLFEM 1 ayout ), 
t h e  ana lys is  procedure enjoys t h e  oppor tun i ty  o f  converging on to  t h e  
t r u e  behavior w i t h  i nc reas ing  FEM and global degrees o f  freedom. 
Again, it i s  noted t h a t  because a complete set o f  g lobal  
Mathematical l y  Two-Dimensi onal S t ruc tures  
The choice o f  g l  obal f u n c t i  ons f o r  mathematical l y  two-dimensional 
s t ruc tu res  w i l l  now be discussed. As i l l u s t r a t i o n s  o f  t h i s  c l a s s  o f  
problems and t h e i r  GLFEM layouts, r e f e r  t o  Fig. 4 ,  where examples o f  a 
laminated composite p l a t e  and c y l i n d e r s  a r e  given. 
may be considered as a plane s t r a i n  problem herein. The scar f  j o i n t  
j o i n i n g  two c y l i n d e r s  may be taken as an axisymmetric s t r u c t u r e  under 
axisymmetric or asymmetric loads. 
i n  these j o i  nts. 
The double l a p  j o i n t  
The purpose i s  t o  study t h e  s t resses 
Uniform s t ress  s t a t e s  e x i s t  a t  po in ts  we l l  away fran these l o c a l  i zed  
s t r e s s  regions. 
woul d r e s u l t .  I n  GLFEM, two-dimensional f i  n i  t e  e l  ements ( p l  anar or 
ax i  symnetri c t o r o i  dal e l  ements 1 a r e  used f o r  t h e  subregi on conta i  n i  ng t h e  
1 ocal i zed  stresses. I f  t h e  1 ocal i zed  s t r e s s  s t a t e  conta i  ns a s i  ngul a r i t y ,  
a g lobal  subregion w i t h i n  t h e  f in i te -e lement  subregion may be added. The 
i n t e r f  ace 1 o c a t i  on i s  dependent on t h e  g l  obal f u n c t i  ons' mathemati ca l  
capabil  i t y  f o r  cap tur ing  t h e  t r a n s i t i o n a l  s t ress  and d i  spl acement f le1 ds 
accurately. For g l  obal func t ions  capable of represent i  ng t h e  t r u e  
behavior, t h e  f in i te -e lement  subregion can be q u i t e  small w i th  t h e  
i n t e r f  a c e k  1 near t o  t h e  l o c a l  i zed  s t ress  area. An independent set of 
global func t ions  must be adopted a t  each in te r face .  For t h e  l a p  j o i n t  
i n  Fig. 4 ,  two or t h ree  d i s t i n c t  systems o f  global func t ions  may be 
needed depending on t h e  th ickness and mater ia l  p roper t i es  o f  t h e  p l a t e  
components. Each set o f  global func t ions  i s  associated w i t h  i t s  own 
s e t  o f  general i zed  coord inates or global coe f f i c i en ts .  For t h e  
c y l i n d r i c a l  scar f  j o i n t ,  two independent se ts  a r e  needed. 
a q u a n t i t a t i v e  expression o f  St.  Venant's p r i n c i p l e .  Toupin C51 and 
Knowles C61 presented upper bound est imates o f  s t r a i n  energy decay ra tes  
i n  terms o f  distance f ran a sel f - q u i 1  i b r a t e d  s t r e s s  state. Thei r 
r e s u l t s  can be s ta ted  i n  t h e  form o f  a s t r a i n  energy i nequa l i t y :  
I f  FEM were used, it i s  obvious t h a t  an awkward model 
The g lobal  func t ions  i n  these casesare based on theorems r e l a t i n g  t o  
d '2YX V(0) e 
where Y i s  t h e  inverse o f  t h e  c h a r a c t e r i s t i c  decay length, V(0) i s  t h e  
t o t a l  s t r a i n  energy and V(x )  i s  t h a t  p o r t i o n  o f  V(0)  i n  t h e  body beyond 
x. Since t h e  s t r a i n  energy i s  quadratic, t h e  mechanical va r iab les  such 
as stress, s t r a i n  and displacement a r e  of t h e  forms: 
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where Ki ( i= l r2 ,3 )  a r e  constants. 
Based on these theorems, a boundary-Val ue problem can be formulated 
f o r  a p r i sma t i c  s t ruc tu re .  Using t h e  s o l u t i o n  form i n  t h e  pr ismat ic  
d i r e c t i o n  as e-Yx, t h e  ana lys i s  leads t o  an efgenvalue problem. 
eigenvalues Y ' S  a r e  t h e  c h a r a c t e r i s t i c  inverse decay lengths and t h e  
e i  genf unc t i  ons a re  d i  stri b u t i  ons o f  sel f - q u i  1 i brated s t ress  states. 
These eigendata comprise a complete set fran which any a r b i t r a r y  sel f- 
e q u i l i b r a t e d  s t r e s s  s t a t e  may be represented. These eigendata may be 
used as global func t ions  f o r  descr ib tng t h e  f a r - f i e l d  behavior i n  a 
p r ismat ic  s t ruc tu re .  Horgan and h i s  col leagues have solved a nunber 
o f  problems on hanogeneous and sandwich p la tes  under plane s t r a i n  using 
t h e  A i r y  s t ress  func t i on  as t h e  primary dependent v a r i a b l e  (see, f o r  
exampl es, Refs. C7,81). 
The 
For a lan ina ted  composite s t ructure,  it i s  more convenient t o  
determine t h e  eigendata nuner ica l l y .  Dong and Goetschel C91 developed 
a one-dimenslonal f in i te -e lement  ana lys is  f o r  e x t r a c t i n g  eigendata f o r  
a laminated composite p l a t e  w i th  an a r b i t r a r y  nunber o f  bonded, e l a s t i c  
1 aminates. F i  n i te -e l  ement d i s c r e t i z a t i o n  occurs i n  t h e  th ickness 
d i rec t ion ,  see Fig. 5. Applying t h e  theorem of minimun po ten t i a l  energy, 
a system o f  second-order o rd inar  d i f f e r e n t i a l  equations i s  obtained. 
By invok i  ng exponenti a1 decay e-;', t h e  f o l l  owing second-order a1 gebrai c 
e i  genval ue probl em resu l t s :  
where (0) i s  an ordered s e t  o f  t h e  p l a t e ' s  nodal displacements. Th is  
equat ion i s  reduc ib le  t o  first order  w i th  a non-symmetric matr ix .  I f  a 
1 arge nunber o f  degrees o f  freedom are  involved, a Block-Stodol a i t e r a t i  on 
technique E101 can be used t o  e x t r a c t  t h e  eigendata e f f i c i e n t l y .  The 
sol u t i o n  cons is t s  o f  a complete set of eigenval ues and corresponding 
eigenvectors, which are t h e  sel f - q u i 1  i b r a t e d  displacement s ta tes  f o r  t h e  
g iven composite p la te.  Stresses can be computed fran these displacements. 
Laminated c y l i n d e r s  may a lso  be solved us ing t h e  same f in i te -e lement  
scheme, see Ref. C113. The mechanical va r iab les  have c i  r cun fe ren t i  a1 
dependence, which may be expressed a n a l y t i c a l l y  by Four ie r  series. As 
a c i r c m f e r e n t i a l  mode nunber m occurs i n  t h i s  case, t h e  counterpar t  t o  
Eq. ( 4 )  f o r  each c i r c u n f e r e n t i a l  mode has t h e  form: 
The s o l u t i o n  t o  Eq. ( 4 )  or (5) p r w i d e s  t h e  g lobal  f unc t i on  data 
base f o r  t h e  nunerical eva lua t ion  o f  t h e  global s t i f f n e s s  m a t r i x  and t h e  
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g l  obal- local coup1 i n g  as a p re l  ude t o  a mathematical ly two-dimensional 
GLFEM ana lys i s  o f  t h e  l o c a l  i zed  s t r e s s  zones. 
of t h i s  type  have been obtained, which are contained i n  Refs. C12,133. 
These 1 i m i t e d  scope s tud ies  i n d i c a t e  an ove ra l l  feas i  b i l  i t y  f o r  t h i s  
approach. 
S a e  pre l  iminary r e s u l t s  
The accuracy o f  t h e  global func t ions  depends on t h e  f ineness o f  t h e  
one-dimensi onal f i n i t e - e l  ement model adopted f o r  t h e  e i  genproblem. Since 
only one-dimensional f i n i t e  elements a re  used, a l a r g e  model does no t  i n c u r  
an i n o r d i n a t e  computational e f f o r t  because o f  a very small bandwidth. 
The nunber of global  func t ions  requ i red  i n  a GLFEM ana lys i s  depends 
on both t h e  na ture  of t h e  l o c a l i z e d  s t r e s s  and t h e  l o c a t i o n  o f  t h e  
i n te r face .  Having an i n t e r f a c e  near t h e  l o c a l i z e d  s t r e s s  zone w i l l  
r e q u i r e  a l a r g e r  nunber of global  functions, but  w i t h  a decrease i n  t h e  
f i n i  te-el ement coordi nates. 
t h e  l o c a l  i zed  zone needs fewer global funct ionst  but i s  counteracted by 
a g rea ter  nunber of f in i te-e lement  degrees o f  freedom. 
Converse1 y, an i n t e r f  ace f a r  removed f ran 
Three-Dimensi onal S t ruc tures  and t h e  NASA Probl em 
A schematic o f  a three-dimensional p r ismat ic  s t r u c t u r e  and t h e  NASA 
problem o f  a f l a t  s t i f f e n e d  composite panel w i th  a discontinuous s t i f f e n e r  
a re  shown i n  Fig. 6. I n  t h i s  c lass  of problems, three-dimensional f i n i t e  
elements must be employed i n  t h e  l o c a l i z e d  s t ress  region. Global func t ions  
must be used a t  t h e  i n te r face .  They can be obtained fran a two-dimensional 
f in i te -e lement  ana lys is  o f  t h e  inverse c h a r a c t e r i s t i c  decay lengths. 
The ana lys i s  t o  determine t h e  global func t ions  f o l l o w s  t h e  same 
methodology as t h a t  f o r  mathematical l y  two-dimensi onal s t ructures.  The 
p r i  smati c cross-secti  on i s model ed by two-dimensi onal f i n i t e  e l  ements. 
With t h e  dependence i n  t h e  pr ismat ic  d i  r e c t i o n  taken as e-yx, an 
eigenproblem emerges f o r  t h e  e x t r a c t i o n  o f  eigendata t h a t  form t h e  
g lobal  f unc t i on  data base f o r  t h e  g iven cross section. 
aspects a r e  t h e  same as t h a t  described i n  t h e  previous section. 
obvious t h a t s i n  t h i s  case, t h e  computational e f f o r t  i s  greater. 
The other  
It i s  
Sane comments can be g iven on a GLFEM ana lys i s  o f  t h e  NASA f l a t  panel. 
The s e t  o f  two-dimensional global func t ions  c o n s t i t u t e s  a complete system 
o f  e l  genf unc t i  ons, wi th  t h e  non-zero e i  genval ues associ ated w i t h  inverse 
c h a r a c t e r i s t i c  decay lengths o f  sel f - q u i 1  i b r a t e d  s t r e s s  states. There 
a re  two z e r o  eigenvalues fo r  two s t ress  d i s t r i b u t i o n s  e x h i b i t i n g  no decay. 
They are t h e  uniform ax ia l  deformation and pure bending states. These two 
global func t ions  a r e  needed i n  a GLFEM ana lys i s  o f  t h e  NASA f l a t  panel# 
since t h e  discontinuous s t i f f e n e r  may produce bending i n  a d d i t i o n  t o  i t s  
uniform end shortening. A s e t  o f  global func t ions  w i t h  a l l  o f  these 
members present should permi t  a three-dimensional f in i te -e lement  model 
t o  be concentrated on t h e  d e t a i l s  of t h e  discontinuous s t i f f e n e r  region. 
Parametric s tud ies  wherein t h e  h o l e  and t h e  gap leng th  i n  t h e  
d i scon t i  nuous s t i f f e n e r  are v a r i e d  may be conducted. Each con f igu ra t i on  
w i l l  r equ i re  a change of t h e  three-dimensional f in i te -e lement  mesh, but 
the same s e t  o f  g lobal  func t ions  may be used i n  a l l  cases. 
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Appl i c a t i  ons t o  Steady-State Probl ems 
The d i  scussion o f  g lobal  func t ions  i n  t h e  two e a r l  i e r  sect ions 
per ta ined t o  e l a s t o s t a t i c  ana lys i s  o f  t h e  l o c a l i z e d  s t ress  zones. 
some ranarks on steady-state dynamic e f f e c t s  a r e  made. The one-dimensional 
f in i te -e lement  method f o r  generat ing global f unc t i on  data bases can be 
mod i f ied  f o r  steady-state i n e r t i a l  e f f e c t s  by i nc lud ing  k i n e t i c  energy i n  
t h e  problem formulation. Instead o f  Eqs. ( 4 )  and (51, those equations 
become, respec t ive ly :  
Here 
where w i s  t h e  steady-state f o r c i n g  frequency. 
equations a r e  g iven i n  Refs. C11,143. 
The de r i va t i ons  o f  these 
With these g lobal  functions, it i s  poss ib le  t o  study e l a s t i c  wave 
sca t te r1  ng 1 n p r i  m a t i  c s t r u c t u r e s  by d i  scont i  nut t l e s  du r l  ng v i  b r a t i  on 
or by some other  steady-state dynamic input .  G L E M  ana lys i s  o f  t h i s  
t ype  of p r i sma t i c  s t ruc tu res  w i l l  be s i m i l a r  t o  problems o f  e l a s t i c  wave 
s c a t t e r i n g  by an ob jec t  embedded i n  an i n f l n l t e  mediun or s o i l - s t r u c t u r e  
1 n t e r a c t i  on. 
E f f e c t s  o f  I n i t i a l  St ress 
Us1 ng t h e  same methodol ogy, p r i  smati c s t r u c t u r e s  under i n i  ti a1 
s t ress  may a lso  be analyzed. I n  t h i s  t h e  global func t ions  must 
1 nc l  ude t h e  prestress1 ng e f f e c t .  One-dimensi onal f in i te -e lement  
ana lys i s  o f  wave propagation i n  l a n i n a t e d  composite p la tes  and c y l i n d e r s  
under i n i t i a l  s t ress  have been explored, see Refs. C15,161. It i s  a 
s t ra igh t fo rward  task t o  adapt these fo rmula t ions  t o  generate an 
e igenproblan f o r  t h e  g lobal  func t ions  f o r  a p r i sma t i c  s t r u c t u r e  under 
i n i t i a l  s t ress.  Also, no conceptual d i f f i c u l t i e s  a r e  seen i n  an 
ex tens i  on t o  three-dimensi onal p r i sma t i c  s t r u c t u r e s  under prestress. 
Concl udi ng Remarks 
Considerable d iscuss ion has been devoted t o  t h e  s t r a t e g i e s  o f  GLFEM 
analyses of p r i sma t i c  s t r u c t u r e s  w i t h  l o c a l i z e d  s t r e s s  reg ions and o the r  
d i s c o n t i n u i t i e s .  The r o l e  o f  t h e  g lobal  func t ions  has been c l e a r l y  
out1 ined and the1 r mathematical requi r m e n t s  Ind icated.  The method 
fo r  d e r l v i n g  these global func t ions  f o r  p r i sma t i c  s t ructures,  whose 
cross-sect1 onal geunetr ies a r e  compl i ca ted  by lan ina ted  cons t ruc t1  on, 
has been discussed. Frun t h e  d iscuss ion o f  GLFEM ana lys i s  strategy, 
it should be c l e a r  t h a t  GLEM i s  f e a s i b l e  and e f fec t i ve .  Considerable 
economy o f  computational e f f o r t s  over a s t r i c t l y  FEM approach should 
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(a) GLOBAL FUNCTIONS 
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(c) GLOBAL FUNCTIONS (d) GLOBAL & LOCAL 
OVER (VOL)g FUNCTIONS OVER 
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(f) LOCAL FUNCTIONS 
OVER ENTIRE DOMAIN 
1- GLOBAL REGION {g}= [Bg]{S} 
FffR LOCAL (FINITE ELEMENT) REGION 
{E}= [Nil{&} 
(.} = [$, I {4} + [ N g l {  s} 
COMBINED GLOBAL-LOCAL REGION 
F i g u r e  1. B a s i c  g l o b a l - l o c a l  mesh c o n f i g u r a t i o n s .  
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S C A T T E R E D  WAVE F I E L D  - S P H E R I C A L  H A R M O N I C S  
J n = o  
Figure  2. E l a s t i c  wave s c a t t e r i n g  by axisymmetr ic i n c l u s i o n  embedded i n  
an i n f i n i t e  i s o t r o p i c  medium. 
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TRRCTION-FREE 
Figure 3. Soil-structure interaction problem. 
F I N I T E  ELEMENT SUBREGION 
(TWO-OIMENSIONAL PLANAR ELEMENTS) 
ALUM I NUM - I’ COMPOS I TE 
DOUBLE LAP JOINT OF ALUMINUM AND COMPOSITE PLATES 
UNDER PLANE STRAIN 
 
SCARF J O I N T  OF ALUM I NUM AN0 COMPOS I TE CYL I NDERS 
Figure 4. Two-dimensional prismatic structures. 
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STRAlN ENERGY WCAY RATE 
surface 
& 
I self-equilibrated tractions on this -.-. --. 
FORMULATION OF TWO-DIMENSIONAL PROBLEM FOR 
PLATE WITH PLANE ANISOTROPIC flATERlALS 
t 
' [TYPICAL LAMINATE 
f =  (Y -Yb 1 (Y, - Y b  1 
SOLUTION FORM IN X-DIRECTION SECOND ORDER ALGEBRAIC EIGENVALUE PROB. 
Figure 5. Finite-element analysis of self-equil ibrated edge effects 
in a composite plate. 
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EXAMPLE OF A 
THREE-DIMENSIONAL PRISMATIC STRUCTURE 





THE NASA FLAT PANEL WITH 
DISCONTINUOUS STIFFENER 
F I N I T E  ELEMENT SUBREGION 
(SOL I D ,  PLATE AND SHELL ELEMENTS) 
P 
I - j - L / 2 -  - 
' tee  
Figure 6. Three-dimensional prismatic structures. 
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